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The fractal dimension of grain-boundary 
fracture in high-temperature creep 
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The fractal dimension of the grain-boundary fracture in high-temperature creep was 
estimated by the vertical section method on several creep-ruptured specimens of the cobalt- 
nickel- and iron-based heat-resistant alloys. Grain-boundary microcracks linked to the 
fracture surface were also taken into account in the present analysis by the box-counting 
method. In the specimens containing many grain-boundary microcracks linked to the fracture 
surface, the fractal dimension of the grain-boundary fracture was larger in the scale range of 
more than about one grain-boundary length than in the scale range less than this length. 
Thus, there was a cross-over in the fractal dimension of the grain-boundary fracture at about 
one grain-boundary length in these specimens. In the specimens containing much fewer 
microcracks, there was no clear cross-over in the fractal dimension of the grain-boundary 
fracture with regard to the scale of the analysis, irrespective of creep-ductility and grain- 
boundary configuration of the specimens. The fractal dimension of the grain-boundary 
fracture was generally larger in specimens with serrated grain boundaries than in specimens 
with straight grain boundaries in these heat-resistant alloys, because the fraCtal dimension of 
the grain boundary and the number of the grain-boundary microcracks were larger in the 
former specimen. The fractal dimension of the grain-boundary fracture did not tend to 
converge to unity when the scale of the analysis approached the specimen size. The 
inclusion of near-specimen size data with regard to the scale of the analysis did not affect 
the fractal dimension of the grain-boundary fracture in these alloys. Thus, the grain-boundary 
fracture in the creep-ruptured specimens exhibited a fractal nature, at least in the scale range 
below specimen size, although there was a cross-over in the fractal dimension of the grain- 
boundary fracture in specimens containing a large number of grain-boundary microcracks. 

1. In troduc t ion  
Mandelbrot et al. [1] revealed that there is a correla- 
tion between the fractal dimension of the fracture 
surface and the absorbed energy in the impact-loaded 
and fractured specimens of steels. Similar results were 
obtained by other investigators in the tensile tests and 
the fatigue experiments of structural steels [2, 3]. It 
has recently been found in several heat-resistant alloys 
of iron-, nickel- and cobalt-base that the improvement 
of creep-rupture properties by serrated grain bound- 
aries can be correlated with the relative increase in the 
fractal dimension of the grain boundary (grain-bound- 
ary ruggedness) I-4]. There is also a correlation be- 
tween the fractal dimension of the grain boundary, 
that of the grain-boundary fracture surface profile and 
the creep-rupture properties in high-temperature 
creep of metallic materials [5]. It-has been reported [6, 
7] that the fracture surface may be a self-affine fractal 
with the local fractal dimension, D, while setf-affine 
surfaces do not have a unique fractal dimension. 
However, it is still unknown whether there is a unique 

fractal dimension which characterizes the grain- 
boundary fracture surface profiles of creep-ruptured 
specimens in these materials or not. 

In this study, the fractal dimension of the grain- 
boundary fracture in high-temperature creep of heat- 
resistant alloys was examined in scale ranges of less 
than and more than about one grain-boundary length 
by the vertical section method [8, 9]. The box- 
counting method [10, 11] was employed to estimate 
the fractal dimension of the grain-boundary fracture 
including grain-boundary microcracks which were 
linked to the fracture surface. The effects of inclusion 
of near-specimen size data with regard to the scale of 
the analysis on the fractal dimension of the grain- 
boundary fracture were also examined in this study. 

2. Experimental procedure 
Table I shows the chemical composition of the heat- 
resistant alloys used in this study. These alloys were 
heat-treated to generate serrated or straight grain 
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T A B  L E I Chemical composition of the heat-resistant alloys used in this study (wt %) 

Alloys C N C r  Ni  C o  Fe M n  A1 Ti W N b  M o  Si S P 

HS-21  0.27 B 26.71 2.37 hal .  0.09 0.64 . . . .  5.42 0.59 0.007 < 0.005 

0.003 

2 1 C r - 4 N i  0.54 0.39 21.10 4.07 - bal.  9.74 . . . . .  0.19 0.008 0 .017 

- 9 M n  steel 
L-605 0.07 - 19.82 9.83 bal.  2.22 1.46 - - 14.37 - - 0.19 0.002 < 0.005 

Inconel 0.06 15.03 Ni  ( +  Co)  7.48 0.31 1.26 2.43 - N b  + T a  C u  0.26 0.001 0.007 

X-750 71.80 1.01 0.13 

T A B L E  I I  The heat treatment, the fractal dimension of the grain boundary and the grain size in the heat-resistant alloys 

Alloys Types of grain Heat treatment a Fractal dimension of Grain diameter 
boundaries the grain boundary (gm) 

HS-21  Straight 
Serrated 

2 1 c r - 4 N i  Straight 
- 9 M n  steel 

L-605  

Serrated 

Straight 

Serrated 

Inconel Straight 
X-750  Serrated 

1523 K-3 .6  ks  - ~ W Q  

1523 K-3 .6  ks  - F C  ~ 1323 K ~ W Q  

1473 K-3 .6  ks --* W Q  + 973 K - 1 0 8  ks ~ A C  

+ 1273 K - 1 0 8  ks  ~ A C  

1473 K ' 3 . 6  ks ~ F C  ~ 1303 K ~ W Q  + 1023 K 

- 108 ks --* A C  + 1273 K-10 .8  ks ~ A C  

1473 K-7 .2  ks ~ W Q  + 1273 K - 1 0 8 0  ks ~ A C  

1473 K-3 ,6  ks - F C  ~ 1323 K - 7 2  ks ~ A C  

+ 1273 K - 1 0 8 0  ks ~ A C  

1423 K-7 .2  ks --* W Q  

1423 K-7 .2  ks - F C  --* 1323 K-21 .6  ks ~ W Q  

1.086 130 

1.324 130 

1.108 99 

1.252 99 

1 .117 255 

1.173 260 

1.026 108 

1.160 125 

" W Q :  water-quenched; AC: air-cooled; FC: furnace-cooled. 

boundaries while keeping the matrix strength almost 
the same in the same alloy. Table II shows the heat 
treatment, the fractal dimension of the grain boundary 
and the grain size of specimens in the heat-resistant 
alloys. The fractal dimension of grain boundaries was 
determined by the box-counting method [10, 11]. The 
heat-treated specimens were machined into creep- 
rupture test pieces of 6 mm diameter and 30ram 
gauge length. Creep-rupture experiments were carried 
out using these specimens with creep-rupture equip- 
ment of single-lever type under various stresses in the 
temperature range 973 K-1422 K. All the test pieces 
were held for 3.6 ks (Inconel X-750 alloy) or 10.8 ks 
(other alloys) at each test temperature before loading. 

The ruptured specimens were then longitudinally 
sectioned and the fracture surface profiles were exam- 
ined by the vertical section method [8, 9"1 using both 
optical and scanning electron microscopes. The box- 
counting method was employed to determine the frac- 
tal dimension of the grain-boundary fracture in these 
alloys [10, 11], because this method was suitable for 
the estimation of the fractal dimension of the grain- 
boundary fracture, including grain-boundary micro- 
cracks, which were linked to the fracture surface. 

Fig. 1 shows a schematic illustration of the box- 
counting method applied to the analysis of grain- 
boundary fracture surface profiles in the creep- 
ruptured specimens. There is a relationship between 
the number of square boxes, N, intersecting the frac- 
ture surface or involving the microcracks linked to the 
fracture surface, and the side length of a box (the scale 
of the analysis), r, through the fractal dimension of the 
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Figure 1 Schematic illustration of the box-counting method applied 
to the analysis of grain-boundary fracture surface profiles in the 
creep-ruptured specimens (r = side length of a box, N = number of 
boxes intersected by the fracture surface profile; s, grain-boundary 
microcracks linked to the fracture surface; i, isolated grain-bound- 
ary microcracks. N = 25 in this case). 

grain boundary fracture, D, such that [6, 7]. 

N = F r - D  (1) 

where F is a constant. The actual length of the fracture 
surface profile, L, is given by the product of N and r, 
and is expressed as [8, 9]. 

L = Lo r a-D (2) 

where Lo is a constant. The fractal dimension 
of the grain-boundary fracture was obtained using 
Equation 2 in this study. 



3. Results and discussion 
3.1. Specimens containing a large number of 

grain-boundary microcracks 
Table III listed all the data of the fractal dimension of 
the grain-boundary fracture in ruptured specimens in 
the heat-resistant alloys. Fig. 2 shows the fractal plot 
of the fracture surface profile in the specimens of the 
cobalt-based HS-21 alloys ruptured under a stress of 
29.4 MPa at 1311 K. Data points are divided into two 
groups, which can be fitted to separate straight lines of 
different slopes, in both the specimen with serrated 
grain boundaries and that with straight grain bound- 
aries. The fractal dimension of the grain-boundary 
fracture is larger in the larger scale range of the 
analysis, r (D = 1.383 for the specimen with serrated 
grain boundaries and D = 1.332 for the specimen with 
straight grain boundaries in the scale range r > 9 
x 10-5 m), than in the smaller scale range (D = 1.227 

for the specimen with serrated grain boundaries and 
D = 1.117 for straight grain boundary in the scale 
range r < 9 x 10-5 m). The fractal dimension of the 
grain-boundary fracture is larger in the specimen with 
serrated grain boundaries than in that with straight 
grain boundaries when the scale of the analysis r, is 
less than about one grain-boundary length (9 
x 10-5 m), because the fractal dimension of the grain 
boundary is always larger in the former specimen, 

even after high-temperature exposure in creep-rupture 
experiments [5]. However, the difference in the fractal 
dimension of the grain-boundary fracture is relatively 
small between these two specimens in the scale range 
more than about one grain-boundary length, in spite 
of a large number of the grain-boundary microcracks 
in th e specimen with serrated grain boundaries. Sim- 
ilar results were also obtained in specimens of the 
same alloy under different creep conditions (Table III). 

Fig. 3 shows the microstructures near the fracture 
surfaces of the specimens shown in Fig. 2. The tensile 
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Figure 2 The fractal plot of the fracture surface profile in the 
specimens of the cobalt-based HS-21 alloy ruptured under a stress 
of 29.4 M P a  at  1311 K.  D = fractal dimension. 

Figure 3 The microstructures near the fracture surfaces in the speci- 
mens of the HS-21 alloy ruptured under a stress of 29.4 M P a  at 
1311 K. (a) Specimen with serrated grain boundaries (tr = 395.6 ks, 

er = 0.0563); (b) specimen with straight grain boundaries (rr = 226.6 ks, 

er = 0.0276). t r = rupture life; e r = e longa t ion .  

T A  B L E  I I I The fractal dimension of the grain-boundary fracture in the heat-resistant alloys 

Alloys Creep Grain-b0undary 
conditions configuration 
(K) ( M P a )  

Fractal dimension (side length of boxes in box-counting 
method, m) 

HS-21 1089 137 Se r ra t ed  1.222 ~ 

Straight 1.142 ~ 

1311 29.4 Se r r a t ed  1.227,  

Straight 1.117,  

1422 19.6 Se r ra t ed  1.137 

Straight 1.136 

L-605 1089 137 Se r ra t ed  1.170 
Straight 1.151 

Inconel X-750 973 294 Se r r a t ed  1.218 
Straight 1.173 

2 1 C r - 4 N i - 9 M n  steel 973 196 Se r ra t ed  1.241 
Straight 1.207 

5 . 6 2 x  1 0 - 7 - 6 . 7 4  x 10 -5  

5 . 6 2 x  1 0 - 7 - 6 . 7 4 x  10 5 

2.81 x 1 0 - 7 - 8 . 4 2  x 10 - s  
2 . 8 1 x 1 0  -7  8 . 4 2 x 1 0  5 

5 . 6 2 x 1 0  -7  6 . 7 4 x 1 0  s 

5 . 6 2 x  1 0 - 7 - 6 . 7 4  x 10 - s  

2.81 x 1 0 - 7 - 8 . 4 2  x 10 . 5  

2.81 x 1 0 - 7 - 8 . 4 2  x 10 - s  

5 . 6 2 x 1 0  7 - 3 . 3 7 x 1 0  . 5  

5.62 x 1 0 - 7 - 3 . 3 7  x 10 . 5  

2.81 x 1 0 - 6 - 5 . 6 2  x 10 . 5  

2.81 x 10 6 -5 .62  x 1 0 - 5  

1.292 ~ 

1.217,  

1.383 ~ 

1.332,  

1 .380,  

1.384,  

1.198 

1.174 

1.198 
1.140 

1.259 

1.243 

8 . 9 0 x 1 0  -5  6 . 6 8 x 1 0  4) 

8.90 x 1 0 - 5 - 6 . 6 8  x 10-'*) 

8.90 x 1 0 - 5 - 6 . 6 8  x 10-'*) 

8 . 9 0 x  10 -5  6.68 x 10 -4") 

8 . 9 0 x 1 0  5 - 6 . 6 8 x 1 0  4) 

8.90 x 1 0 - 5 - 6 . 6 8  x 10-'*) 

8.90 x 1 0 - 5 - 6 . 6 8  x 10 -4)  

8.90 x 1 0 - 5 - 6 . 6 8  x 10 -4)  

6.68 x 1 0 - 5 - 4 . 4 5  x 10 4) 

6.68 x 1 0 - 5 - 4 . 4 5  x 10 -4)  

5.67 x 1 0 - 5 - 4 . 2 5  x 10 -4)  

5.67 x 1 0 7 5 - 4 . 2 5  x 10 -4)  
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direction is vertical in the micrographs. Creep-rupture 
properties of these specimens are also given in the 
caption. Many grain-boundary microcracks, which 
are linked to the fracture surface, are visible in both 
the specimen with serrated grain boundaries (Fig. 3a) 
and that with straight grain boundaries (Fig. 3b), 
whereas the number of these microcracks is somewhat 
larger in the former specimen. Thus, the larger value of 
the fractal dimension of the grain-boundary fracture 
in the larger scale range (r > 9 x 10 -5 m) reflects that 
the grain-boundary microcracks linked to the fracture 
surface are taken into account in the estimation of the 
fractal dimension of the grain-boundary fracture. Sim- 
ilar results were obtained in the ruptured specimens of 
21Cr-4Ni 9Mn steel (Table III), but there was only a 
small difference in the fractal dimension of the grain- 
boundary fracture between the two scale ranges of the 
analysis because of the relatively small number of 
grain-boundary microcracks in this steel. 

3.2. Specimens wi th  a very small 
number of g ra in-boundary  
microcracks 

In the alloys containing a much fewer number of grain- 
boundary microcraeks with larger rupture ductility, 
there was no clear indication of the cross-over in the 
length scale. Fig. 4 shows the fractal plot for specimens 
of the cobalt-based L-605 (HS-25) alloy ruptured 
under a stress of 118 MPa at 1089 K. Extensive creep 
deformation occurred in the interior of the grains in 
this alloy, irrespective of grain-boundary configura- 
tion of the specimens. Fig. 5 shows an example of the 
fracture surface profile of the ruptured specimen with 
serrated grain boundaries. The tensile direction is 
vertical in the micrographs. Plastic deformation in the 
matrix (in the grains) affected the fractal dimension of 
the grain-boundary [5, 12] and then influenced that of 
the grain-boundary fracture in all the scale ranges 
analysed [5]. Thus, a clear cross-over in the fractal 
dimension of the grain-boundary fracture did not exist 
in this alloy. The fractal dimension of the grain- 
boundary fracture is larger in the specimen with serra- 
ted grain boundaries than in that with straight grain 
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Figure4 The fractal plot of the fracture surface profile in the 
specimens of the cobalt-based L-605 (HS-25) alloy ruptured under a 
stress of 137 M P a  at 1089 K. 

5 7 5 6  

Figure 5 The fracture surface profile in the specimen with serrated 
grain boundaries of the L-605 alloy ruptured under a stress of 
137 M P a  at 1089 K (t r = 779.6 ks, er = 0.311). 
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Figure 6 The fractal plot of the fracture surface profile in the 
specimens of the nickel-based Inconel X-750 alloy ruptured under a 
stress of 294 MPa  at 973 K. 

boundaries, because the fractal dimension of the grain 
boundary is larger in the former specimen (Table II). 

There was also no clear cross-over in the fractal 
dimension of the grain-boundary fracture with regard 
to the scale of the analysis in alloys with very low 
ductility and a very small number of grain-boundary 
microcracks. Fig. 6 shows the fractal plot in the 
specimens of the nickel-based Inconel X,750 alloy 
ruptured under a stress of 294 MPa at 973 K. The 
fractal dimension of the grain-boundary fracture 
changes from a slightly larger value in the scale 
range less than one grain-boundary length (about 
7 x 10 -s m) to a smaller value in the scale range more 
than one grain-boundary length, and these values are 
larger in the specimen with serrated grain boundaries. 
Fig. 7 shows a fracture surface profile of the ruptured 
specimen with straight grain boundaries. The tensile 
direction is vertical in the micrographs. It is conceiv- 
able that the grain-boundary fracture surface exhibits 
an affine nature in this kind of alloy when the speci- 
men size or the scale of the analysis becomes very large 
[6, 7]. However, as will be shown later, inclusion of the 
near-specimen size data with regard to the scale of the 
analysis did not affect the fractal dimension of the 
grain-boundary fracture in high-temperature creep of 
heat-resistant alloys. 



heat-resistant alloys. Thus, the grain-boundary frac- 
ture surfaces have a fractal nature in creep fracture at 
least in the scale range less than the specimen size, 
although the fractal dimension of the grain-boundary 
fracture has a cross-over in the scale of the analysis in 
specimens containing a large number of grain-bound- 
ary microcracks. 

Figure 7 The fracture surface profile in the specimen with straight 
grain boundaries of the Inconel X-750 alloy ruptured under a stress 
of 294 MPa at 973 K (t r = 1605 ks, ar = 0.00667). 

3.3. I nc lus ion  of  nea r - spec imen  size 
data to  de te rm ina t i on  of  f racta l  
d i m e n s i o n  of  g r a i n - b o u n d a r y  f rac ture  

It has been reported that the fracture surface may be a 
self-affine fractal which does not have a unique fractal 
dimension [6, 7]. However, in high-temperature creep 
of heat-resistant alloys in this study, the fractal dimen- 
sion of the grain-boundary fracture did not tend to 
converge to unity when the scale of the analysis 
approached specimen size. 

Fig. 8 shows the fractal plot in the scale range 
between one grain-boundary length and the specimen 
size (about 4 x 10- 3 m) on several creep-ruptured spe- 
cimens of the heat-resistant alloys. Each data set can 
be fitted to a single straight line in log loL- log :o r  plot, 
and the slope of this line is very close to the value of 
the fractal dimension of the grain-boundary fracture 
in the scale range more than one grain-boundary 
length (Figs 2, 4 and 6, Table III), irrespective of grain- 
boundary configuration and creep-ductility of the sp- 
ecimens. The same results were also obtained on other 
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Figure 8 The fractal plot of the fracture surface profile in the 
specimens of the heat-resistant alloys in the scale range between 
about one grain-boundary length and the specimen size (V) L-605, 
1089 K, 137 MPa; (O, A) HS-21, 1311 K, 29.4 MPa; ([3) Inconel .X- 
750, 973 K, 294 MPa. 

4. C o n c l u s i o n s  
The fractal dimension of the grain-boundary fracture 
in high-temperature creep was estimated by the ver- 
tical section method on several creep-ruptured speci- 
mens of cobalt-, nickel- and iron-based heat-resistant 
alloys. The results obtained are summarized as 
follows. 

1. In specimens containing many grain-boundary 
microcracks linked to the fracture surface, there was a 
cross• in the fractal dimension of the grain- 
boundary fracture at about  one grain-boundary 
length. The fractal dimension of the grain-boundary 
fracture estimated in the scale range of more than 
about one grain-boundary length, was a little larger 
than that obtained in the scale range less than this 
length. 

2. In specimens containing much fewer micro- 
cracks, there was no clear cross-over in the fractal 
dimension of the grain-boundary fracture with regard 
to the scale of the analysis, irrespective of creep ductil- 
ity and grain-boundary configuration of the spe- 
cimens. 

3. The fractal dimension of the grain-boundary 
fracture was generally larger in the specimen with 
serrated grain boundaries than in the specimen with 
straight grain boundaries of the same alloy, because 
the fractal dimension of the grain boundary was larger 
in the former specimen than in the latter. However, the 
difference in the fractal dimensions between these 
specimens was smaller in the scale range of more than 
about one grain-boundary length, in spite of a rela- 
tively large number of grain-boundary microcracks in 
the former specimen. 

4. Inclusion of the near-specimen size data with 
regard to the scale of the analysis did not affect the 
value of the fractal dimension of the grain-boundary 
fracture in the scale range of more than about  o n e  
grain-boundary length. Thus, the fractal dimension of 
the grain-boundary fracture in creep-ruptured speci- 
mens had a fractal nature at least in the scale range of 
less than specimen size (about 4 x 10- 3 m). 
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